The present paper studies almost fixed point property for digital spaces whose structures are induced by Marcus-Wyse (M-, for brevity) topology. In this paper we mainly deal with spaces X which are connected M-topological spaces with M-adjacency (MA-spaces or M-topological graphs for short) whose cardinalities are greater than 1. Let MAC be a category whose objects, denoted by Ob(MAC), are MA-spaces and morphisms are MA-maps between MA-spaces (for more details, see Section 3), and MTC a category of M-topological spaces as Ob(MT C) and M-continuous maps as morphisms of MTC (for more details, see Section 3). We prove that whereas any MA-space does not have the fixed point property (FPP for short) for any MA-maps, a bounded simple MA-path has the almost fixed point property (AFPP for short). Finally, we refer the topological invariant of the FPP for M-topological spaces from the viewpoint of MT C. c 2017 all rights reserved.
Introduction
Let Z, N and Z n represent the sets of integers, natural numbers and points in the Euclidean nD space with integer coordinates, respectively. Digital topology focuses on studying digital topological properties of nD digital spaces [7, 26, 27] , which has contributed to some areas of computer sciences such as computer graphics, image processing, mathematical morphology and so forth. In digital topology, although there are several approaches of studying digital images [1, 7, 11, 15, 16, 20, 22, 26, 29] , the present paper follows an M-topological approach [13, 19, 29] . Since M-topology is considered in the Euclidean 2D space with integer coordinates, it plays an important role in digital topology and digital geometry. The present paper studies the almost fixed point property (AFPP for short) for spaces in MAC and further, refers the topological invariant of the fixed point property (FPP for brevity) for M-topological spaces from the viewpoint of MT C.
Since every singleton obviously has the FPP, in studying the FPP of spaces, all spaces X (resp. digital images (X, k)) are assumed to be connected (resp. k-connected) and |X| 2.
The well-known Lefschetz fixed point theorem [24] plays an important role in fixed point theory. Thus, it has been often used to study the FPP of a certain space. Since the ordinary Lefschetz fixed point theorem for a topological space X is formulated in terms of homology groups of X [24, 25] , it is obvious that the theorem implies that a contractible topological space has the FPP.
Let (X, R) be a digital space (see Definition 2.1 of the current paper). Then we may pose the following query [15] :
Is there any relation between its contractibility and the existence of the FPP of X ?
(1.1)
Definition 2.1 ([20]).
A digital space is a relation set (X, R) where X is a nonempty set and R is a binary symmetric relation on X such that X is R-connected.
In Definition 2.1, we say that the set X is R-connected if for any two elements x and y of X there is a finite sequence (x i ) i∈[0,l] Z of elements in X such that x = x 0 , y = x l and (x j , x j+1 ) ∈ R for j ∈ [0, l − 1] Z . Besides, we should remind that the relation set (X, R) in Definition 2.1 need not be either a preordered set or a partially ordered set. In view of Definition 2.1, we see that not every topological spaces satisfying T i -separation axiom is a digital space such as i ∈ {1, 2, 3, 4}. Besides, a relation set without any topological structure can be a digital space. For instance, owing to the Alexandroff topological structure of Mtopology, an M-topological space X is a digital space because it has a digital space structure (X, R) in such a way: for any two elements x, y ∈ X ∈ Ob(MT C) we say that (x, y) ∈ R if x = y and x ∈ SN M (y) or y ∈ SN M (x), where SN M (x) means the smallest open neighborhood of x in the M-topological space X (for more details, see Sections 5 and 6).
Before studying fixed point theory for digital spaces, first of all, we need to recall the FPP for digital spaces as follows:
Remark 2.2. We say that a digital space (X, R) has the FPP if every relation preserving self-map of (X, R) has at least a point x ∈ X such that f(x) = x, where we say that a self-map f of (X, R) is a relation preserving map if for any x, y ∈ X with (x, y) ∈ R and x = y, f(
In case a digital space (X, R) is a topological space, we say that (X, R) has the FPP if every continuous self-map of (X, R) has at least a point x ∈ X such that f(x) = x, as usual.
To study 2D digital spaces, we have often used M-topology on Z 2 [29] , denoted by (Z 2 , γ). For a set X ⊂ Z 2 consider the subspace induced by (Z 2 , γ) and denoted by (X, γ X ). Indeed, the study of (X, γ X ) is so related to that of (X, k) in Z 2 , k ∈ {4, 8}.
Meanwhile, in relation to the study of nD digital images in a graph theoretical approach, we have often used the k (or k(m, n))-adjacency relations of Z n as follows: for a natural number m with 1 m n, two distinct points p = (p i ) i∈ [1,n] 
at most m of their coordinates differs by ± 1, and all others coincide.
Concretely, these k(m, n)-adjacency relations of Z n are determined according to the two numbers m, n ∈ N [7] (see also [10, 11] ).
Using the above operator, we can obtain the k-adjacency relations of Z n [10] as follows:
where [26] called a set X ⊂ Z n with a k-adjacency a digital image denoted by (X, k). Indeed, to follow a graph theoretical approach of studying 2D digital images, both the k-adjacency relations of Z 2 , where k ∈ {4, 8} and a digital k-neighborhood have been often used. More precisely, using the k-adjacency of Z 2 , k ∈ {4, 8}, in the paper we say that a digital k-neighborhood of p in Z 2 is the set [26] 
Furthermore, we often use the notation [23] 
For a k-adjacency relation of Z 2 , k ∈ {4, 8}, a simple k-path with l + 1 elements in Z 2 is assumed to be an injective finite sequence (x i ) i∈[0,l] Z ⊂ Z 2 such that x i and x j are k-adjacent if and only if |i − j | = 1 [23] . If x 0 = x and x l = y, then the length of the simple k-path, denoted by l k (x, y), is the number l. A simple closed k-curve with l elements in Z 2 , denoted by SC 2,l k [6] , is the simple k-path (x i ) i∈[0,l−1] Z , where x i and x j are k-adjacent if and only if |i − j| = 1(mod l) [23] .
For a digital image (X, k), as a generalization of N k (p) [6] the digital k-neighborhood of x 0 ∈ X with radius ε is defined in X to be the following subset [7] 
where l k (x 0 , x) is the length of a shortest simple k-path from x 0 to x and ε ∈ N. Concretely, for X ⊂ Z n we obtain [9] 
Let us now recall basic concepts on M-topology. The M-topology on Z 2 , denoted by (Z 2 , γ), is induced by the set {SN M (p)} in (2.1) as a base [29] , where for each point p = (x, y) ∈ Z 2 In relation to the further statement of a point in Z 2 , in the paper we call a point p = (x 1 , x 2 ) double even if x 1 + x 2 is an even number such that each x i is even, i ∈ {1, 2}; even if x 1 + x 2 is an even number such that each x i is odd, i ∈ {1, 2}; and odd if x 1 + x 2 is an odd number [28] . In all subspaces of (Z 2 , γ) of Figures 1, 2 , 3, and 4 a black jumbo dot means an even point and further, the symbols ♦ and • mean a double even point and an odd point, respectively. In view of (2.1), we can obviously obtain the following: under (Z 2 , γ) the singleton with either a double even point or an even point is a closed set. In addition, the singleton with an odd point is an open set.
Some properties of categories associated with the M-topological structure
This section studies several categories associated with a Rosenfeld's digital topological structure and the M-topological structure. To map every k 0 -connected subset of (X, k 0 ) into a k 1 -connected subset of (Y, k 1 ), the paper [26] established the notion of digital continuity. Motivated by this approach, the digital continuity of maps between digital images was represented with the following version, which can be substantially used to study digital spaces X in Z n .
In Proposition 3.1, in case k 0 = k 1 , the map f is called a k 0 -continuous map. Using this concept, we establish a digital topological category, denoted by DTC, consisting of two sets [7] (see also [13] ):
• For any set X ⊂ Z 2 , the set of digital images (X, k) in Z 2 , k ∈ {4, 8} as objects of DTC;
• For every ordered pair of objects (X, k 0 ) and (Y, k 1 ), the set of all (k 0 , k 1 )-continuous maps as morphisms of DTC, k i ∈ {4, 8}, i ∈ {0, 1}. In DTC, in case k 0 = k 1 := k, we will particularly use the notation DTC(k) [13] .
Since a 2D digital image (X, k) is viewed as a set X ⊂ Z 2 with one of the k-adjacency relations, where k ∈ {4, 8}, in relation to the classification of 2D digital images, we use the term a (k 0 , k 1 )-isomorphism as in [8] (see also [18] ) rather than a (k 0 , k 1 )-homeomorphism as in [2] . 
In Definition 3.2, in case k 0 = k 1 , we call it a k 0 -isomorphism [9] . Let us now recall the M-topological category and an M-homeomorphism [16] as follows: Owing to the Alexandroff topological structure of M-topology, M-continuity of a map between M-topological spaces is defined as follows:
Using M-continuous maps, we establish an M-topological category, denoted by MTC, consisting of two sets [13] .
(1) For any set X ⊂ Z 2 the set of spaces (X, γ X ) denoted by Ob(MT C), (2) for every ordered pair of objects (X, γ X ) and (Y, γ Y ), the set of all M-continuous maps f :
Besides, in MT C, for two spaces (X, γ X ) and (Y, γ Y ), we say that a map f : X → Y is an M-homeomorphism [29] if f is an M-continuous bijection and that
Although the concepts of both an M-continuous map and an M-homeomorphism play important roles in studying M-topological spaces, as referred in the paper [13] they are so rigid that we have some difficulty in proceeding some geometric transformations using them (see Remark 3.4 below).
Remark 3.4 ( [13, 19] ). Let us consider the space (X := (
Z which means just one click transformation of the given set X. Then we observe that the map f is not an M-continuous map. Let us now recall the following terminology which has been used to study M-topological spaces.
Definition 3.5 ( [13, 16] ). Let (X, γ X ) := X be an M-topological space. Then we define the following:
(1) Two distinct points x, y ∈ X are called M-path connected if there is a path
Besides, the number m is called the length of this M-path. Furthermore, an M-path is called a closed M-curve if
Furthermore, we say that a simple closed M-curve with l elements (x i ) i∈[0,l] Z ⊂ Z 2 and the number l is an even number, denoted by SC l M , is a simple M-path with x 0 = x l if and only if |i − j| = 1(mod l).
For instance, let us consider the spaces X, Y and Z in Figure 1 . Then we see that [19] X, Y and Z are kinds of SC 8 M , SC 4 M and SC 12 M , respectively. Let us recall the notions of an M-adjacent relation for any two points in Z 2 and an MA-neighborhood of a point x ∈ Z 2 and further, we investigate their properties.
Definition 3.6 ([13]
). In (Z 2 , γ), we say that two distinct points x,y in Z 2 are M-adjacent if y ∈ SN M (x) or x ∈ SN M (y), SN M (q) means the smallest open set containing the point q ∈ Z 2 , q ∈ {x, y}.
Definition 3.7 ([16])
. We say that a space X is MA-connected (or M-connected) if for any two distinct points x, y ∈ X there is an M-path in X connecting these two points.
According to the conditional logic, we see that a singleton set is an MA-connected set.
Remark 3.8 ( [13] ).
(1) Under (Z 2 , γ) the notions of M-adjacency and M-connectedness are equivalent. (2) Under (Z 2 , γ) take a point p ∈ Z 2 . For any point q ∈ N * 4 (p) the subspace ({p, q} := X 1 , γ X 1 ) is both M-connected and MA-connected.
To overcome the limitations referred in Remark 3.4, the paper [13] developed an MA-map which can be substantially used to study geometric transformations of M-topological spaces. Besides, for a point p ∈ (Z 2 , γ) we define
For a space (X, γ X ) := X we now recall an MA-relation of a point p ∈ X as follows.
Definition 3.9 ([13]). For
We say that for two distinct points p, q ∈ X they are M-adjacent to each other if q ∈ MA X (p) or p ∈ MA X (q).
In Definition 3.9 we say that the two points p, q have an MA-relation or p is MA-related to q. In view of Definition 3.9, we see that an MA-relation is an irreflexive symmetric relation [13] . The following MA-neighborhood of a point p ∈ X is substantially used to establish an MA-map.
Definition 3.10 ([13]
). For a space (X, γ X ) := X and a point p ∈ X we define an MA-neighborhood of p in X to be the set MA X (p) ∪ {p} := MN X (p).
Hereafter, in (X, γ X ) we use the notation MN(p) instead of MN X (p) if there is no danger of ambiguity. As referred in Remark 3.8 (1) and Definition 3.6, it is obvious that an M-topological space (X, γ X ) induces an M-adjacency on the space. Thus we may use the notation (X, γ X ) again for an M-topological space (X, γ X ) with an M-adjacency if there is no ambiguity. Hereafter, we call the space an MA-space for brevity.
For an M-topological space (X, γ X ) := X and each point x ∈ X, owing to the Alexandroff topological structure of (X, γ X ), it is clear that each point x ∈ X always has MN(x) ⊂ X so that we now establish a map sending MN(x) into MN(f(x)) as follows:
Furthermore, we say that a map f : X → Y is an MA-map if the map f is an MA-map at every point x ∈ X.
In view of Definition 3.11, we observe the following:
Remark 3.12.
(1) An M-continuous map implies an MA-map. But the converse does not hold [13] .
(2) An MA-map is an M-connectedness preserving map [13] .
(3) For a given bijective MA-map, its inverse map need not be an MA-map [19] .
Using MA-maps, we establish an MA-category [13] , denoted by MAC, consisting of two sets.
(1) For any set X ⊂ Z 2 , the set of MA-spaces (X, γ X ) as objects of MAC, (2) for every ordered pair of MA-spaces (X, γ X ) and (Y, γ Y ), the set of all MA-maps f : (X, γ X ) → (Y, γ Y ) as morphisms of MAC.
As referred in Remark 3.12 (3), since the inverse of an MA-map (resp. M-continuous map) does not need to be an MA-map (resp. M-continuous map), we need to establish the following notion. 
In Definition 3.13, we denote by X ≈ MA Y an MA-isomorphism from X to Y. In view of Remark 3.12, we obtain the following:
Remark 3.14. Both an MA-map and an MA-isomorphism are generalizations of an M-continuous map and an M-homeomorphism [13] so that these maps have strong merits of studying geometric transformations of M-topological spaces.
Definition 3.15 ([13]).
(1) Two distinct points x, y ∈ X ∈ Ob(MAC) are called MA-path connected if there is a path For instance, for the spaces X, Y and Z in Figure 1 , we see that [19] MA if and only if l 1 = l 2 . In view of Definition 3.15, we see that [19] for SC l MA , the number l is an even number such that l ∈ {2n|n ∈ N \ {1, 3}}.
MA-contractibility and its properties in MAC
For an MA-space X let B be a subset of X. Then (X, B) is called a MA-space pair. Furthermore, if B is a singleton set {x 0 }, then (X, x 0 ) is called a pointed MA-space. Motivated by a pointed digital homotopy in [2] and a digital relative homotopy in [7, 9] , we will establish the notions of an MA-homotopy relative to a subset B ⊂ X, MA-contractibility and an MAhomotopy equivalence, which will be used to study spaces in MAC.
Definition 4.2 ([19]). Let (X, B)
and Y be an MA-space pair and an MA-space, respectively. Let f, g : X → Y be MA-maps. Suppose there exist m ∈ N and a function F :
MA-map; (• 3) for all t ∈ [0, m] Z , the induced function F t : X → Y given by F t (x) = F(x, t) for all x ∈ X is an MA-map.
Then we say that F is an MA-homotopy between f and g.
Then we call F an MA-homotopy relative to B between f and g, and we say that f and g are MA-homotopic relative to B in Y, f MArel.B g in symbol.
In Definition 4.2, if B = {x 0 } ⊂ X, then we say that F is a pointed MA-homotopy at {x 0 }. When f and g are pointed MA-homotopic in Y, we use the notation f MA g and f ∈ [g] which denotes the MA-homotopy class of g. If, for some x 0 ∈ X, 1 X is MA-homotopic to the constant map in the space {x 0 } relative to {x 0 }, then we say that (X, x 0 ) is pointed MA-contractible (for brevity MA-contractible if there is no danger of ambiguity).
Let us investigate some properties of MA-contractibility. Motivated by the notion of a digital homotopy equivalence [6, 17] , we develop the following: If a space X ∈ Ob(MAC) is MA-homotopy equivalent to a singleton in MAC, then we say that the space is MA-contractible.
By using the MA-homotopy F : Figure 2 , where SC 4 MA := Y, we obtain the following:
Lemma 4.4 ([19]). SC 4
MA is MA-contractible.
Almost fixed point property for digital spaces in MAC
This section studies a relation between MA-contractibility of an MA-space X and the existence of the FPP of X from the viewpoint of MAC. Hence this work addresses the issue (1.1) from the viewpoint of MAC.
Proposition 5.1. Let X ∈ Ob(MAC) be an MA-connected space. Then we obtain the followings:
(1) (X, R) is a digital space, where the relation R is an M-adjacency of X. (2) An MA-map as a morphism of MAC is an M-adjacency preserving map.
Proof.
(1) Consider a relation R on X ∈ Ob(MAC) in such a way: for two distinct points x, y ∈ X we say that (x, y) ∈ R if and only if x and y are M-adjacent. Then we see that the relation set (X, R) is a binary symmetric relation. Besides, since X is MA-connected, the relation set (X, R) is R-connected. (2) Consider an MA-map between two MA-spaces. According to Definition 3.11, the proof is completed.
Let us now study some properties of MA-spaces from the viewpoint of fixed point theory.
Theorem 5.2. Any space X ∈ Ob(MAC) does not have the FPP for any MA-maps in MAC, where X is MAconnected and |X| 2.
Proof. Owing to the hypothesis, we can take two distinct points x, y in X such that y ∈ SN M (x). Then it is obvious that SN M (y) is the singleton {y} and |SN M (x)| 2. Let us consider the self-map of X given by
Then it is obvious that the map f in (5.1) is an MA-map which does not have any fixed point on X.
In (5.1), we need to point out that the map f cannot be an M-continuous map, which will be used in Section 6. In MAC, we say that an MA-isomorphic invariant is a property of an MA-space which is invariable under MA-isomorphism. Motivated by the paper [15] , we obtain the following: Proposition 5.4. In MAC, the FPP is an MA-isomorphic invariant.
Proof. By the hypothesis, assume that an MA-space X has the FPP from the viewpoint of MAC and there exists an MA-isomorphism h : X → Y. Then we prove that the MA-space Y has the FPP in MAC. To do this work, let g be any self-MA-map of Y in MAC. Then consider the composition h
where f is a self-MA-map of X. Owing to the hypothesis, assume that x ∈ X is a fixed point for the self-MA-map f of X. Since h is an MA-isomorphism, there is a point y ∈ Y such that h(x) = y. Let us consider the mapping
From (5.2) we see h(f(x)) = g(y) and further, owing to the hypothesis of the FPP of X and the MAisomorphism between X and Y, we obtain
which implies that the point h(x) is a fixed point of the MA-map g, which implies that Y also has the FPP.
Remark 5.5. According to Proposition 5.4, although the FPP is an MA-isomorphic invariant, its utility is very limited because of Theorem 5.2.
Owing to the property (1.2), Rosenfeld [27] studied the "almost fixed point property" (for short AFPP) [27] . Before studying this issue, we need to recall the notion of the AFPP in DTC. We say that [27] a digital image (X, k) in Z n has the AFPP if for every k-continuous map f :
Then Rosenfeld [27] studied the AFPP of a digital image (X, k) for k-continuous self-maps f of (X, k). Finally, it turns out that not every digital image (X, k) for k-continuous self-maps f of (X, k) satisfies the AFPP [27] , as follows:
While it is a 2-continuous map, (Z, 2) does not have the AFPP.
To study the AFPP in MAC, we need to introduce the notion of the AFPP from the viewpoint of MAC. Definition 5.7. We say that an MA-space X has the AFPP if for every self-MA-map f of X there is a point x ∈ X such that f(x) = x or f(x) is M-adjacent to x. Definition 5.8. We say that an MA-connected space X is bounded if any MA-path in X has a finite length.
As proved in Theorem 5.2, while an MA-space X with |X| 2 does not have the FPP, unlike Example 5.6, we have the following AFPP of a bounded (or finite) simple MA-path. Theorem 5.9. In MAC, a bounded simple MA-path has the AFPP.
Proof. Let (X, γ X ) be an MA-path, denoted by X := (x i ) i∈[0,l] Z in Z 2 . Further consider any self-MA-maps f of (X, γ X ). Then it is obvious |f(X)| |X|, where | · | means the cardinality of the given set. Let us now use the notation for brevity max {|f(X)| : f is any self MA-map of X} := max {|f(X)|}.
Based on the number l of X := (x i ) i∈[0,l] Z , we apply the principle of mathematical induction (the induction for short) for the proof of this assertion. Without loss of generality, we may consider the following two cases.
(Case 1) Assume that the point x 0 is an double even point or an even point. By the mathematical induction, in case l = 1, for any self-MA-maps f of X, we see max {|f(X)|} 2. Then it is obvious that f has an almost fixed point (see the MA-spaces (X, γ X ) in Figure 3) .
In case l = n, consider any self-MA-maps f of X. Then we see max {|f(X)|} n + 1. Further assume that f has an almost fixed point.
Let us now prove the case l = n + 1. Thus let us further consider any self-MA-maps f of X := (x i ) i∈[0,n+1] Z relevant to the mapping of the element x n+1 by the map f. Then we see max {|f(X)|} n + 2. Now we can consider the following four cases.
First, in case f(x n+1 ) = x n+1 , the proof is completed. Second, in case f(x n+1 ) = x n , regardless of the MA-mapping f of the other points x i ∈ X with x i = x n+1 , the proof is completed because the point x n+1 is at least an almost fixed point.
Third, in case f(x n+1 ) = x i , i ∈ [1, n − 1] Z , the MA-maps f have their images f(X) such that max {|f(X)|} n + 1 regardless of the mapping f(x j ), j ∈ [0, n] Z including the case f(x 0 ) = x n+1 because |MN(x n+1 )| = 2 and |MN(x i )| = 3, and further the properties of the MA-map f, which completes the proof.
Fourth, in case f(x n+1 ) = x 0 , we have the following two cases:
The former completes the proof by the induction, the latter implies that the MA-map f should be the case f(
, we obtain at least an almost fixed point in X. More precisely, if n is even, then both x n 2 +1 and x n 2 are almost fixed points which are the approximate intermediate points of
is a fixed point. (Case 2) Assume that the point x 0 is an odd point. Then the proof is similar to that of Case 1.
Motivated by Proposition 5.4 and the paper [15] , we obtain the following: Proposition 5.10. In MAC, the AFPP is an MA-isomorphic invariant.
Proof. Suppose that (X, γ X ) in Ob(MAC) has the AFPP and there exists an MA-isomorphism h : (X, γ X ) → (Y, γ Y ). Then we prove that (Y, γ Y ) has the AFPP. To do this work, let g be any self-MA-map of (Y, γ Y ).
Then consider the composition
where f is a self-MA-map of (X, γ X ). Owing to the hypothesis, assume that there is x ∈ X such that f(x) = x or f(x) = y where y is M-adjacent to x.
In case f(x) = x, by using the methods similar to those of (5.2) and (5.3), we see that the point h(x) ∈ Y has the property g(h(x)) = h(x).
In case f(x) = y, where y is M-adjacent to x, by using the methods similar to those of (5.2) and (5.3), we obtain that the point h(x) ∈ Y has the property that g(h(x)) is M-adjacent to h(x).
Therefore, we see that the point h(x) is an almost fixed point of the map g, which implies that (Y, γ Y ) has the AFPP.
To study the AFPP of X in MAC, we will use an MA-retract in [13] (see Definition 5.11 below). Definition 5.11 ([13] ). In MAC, we say that an MA-map r : (X , γ X ) → (X, γ X ) is an MA-retraction if (1) (X, γ X ) is a subspace of (X , γ X ) and (2) r(a) = a for all a ∈ (X, γ X ).
Then we say that (X, γ X ) is an MA-retract of (X , γ X ). Furthermore, we say that the point a ∈ X \ X is MA-retractable.
In view of Definition 5.11, it is clear that an MA-retract holds the reflexivity and the transitivity.
Lemma 5.12. If X ∈ Ob(MAC) has the AFPP, then its MA-retract A ∈ Ob(MAC) also has the AFPP.
Proof. Let r : (X, γ X ) → (A, γ A ) be an MA-retraction and i : (A, γ A ) → (X, γ X ) is the inclusion map. Then, consider any self-MA-map f of (A, γ A ). By the hypothesis and the above MA-retraction r, we obtain r • i = 1 (A,γ A ) . Since we have the composition i • f • r as a self-MA-map having an almost fixed point p ∈ X, the point r(p) is proved an almost fixed point of (A, γ A ). 
An M-topological invariant of the FPP
This section studies the FPP and the AFPP of M-topological spaces from the viewpoint of MTC. Comparing these works with those of digital spaces in MAC, we need to point out that we have some difficulties in establishing a homotopy for M-topological spaces which can be used to study the FPP of Mtopological spaces. Thus we cannot study the issue (1.1) by using the notion of M-contractibility. Hence we study both the FPP and the AFPP of M-topological spaces in terms of only M-continuous maps. (1) Let X ∈ Ob(MT C) be an M-connected space. Then (X, γ X ) is a digital space.
(2) An M-continuous map is a relation preserving map.
(1) Consider two distinct points x, y ∈ X. Then the M-connectedness of these two points in MTC is equivalent to the M-adjacency of them in MAC. Thus consider a relation R on X in such a way: for two distinct points x, y ∈ X we say that (x, y) ∈ R if and only if x ∈ SN M (y) or y ∈ SN M (x). Then we see that the relation set (X, R) is a binary symmetric relation. Besides, since X is M-connected, the set (X, R) is R-connected. (2) Consider an M-continuous map between two M-topological spaces. According to Definition 3.3, the proof is completed.
Unlike Theorem 5.2, the FPP in MTC has its own feature, as follows: Theorem 6.2. Not every space X ∈ Ob(MTC) has the FPP, where X is M-connected and |X| 2.
Proof. By using the following three examples, we prove the assertion. (Case 1) Let us consider the M-topological space (I, γ I ) with I := {x 0 := (0, 0), x 1 := (0, 1)}. Then we see that the space (I, γ I ) has the FPP from the viewpoint of MTC. To be specific, we see that there are only three M-continuous maps among four self-maps of (I, γ I ). To be specific, consider the following self-maps f i of (I, γ I ) in such a way, i ∈ {1, 2, 3}:
Then we see that these three maps are all M-continuous. Furthermore, it is obvious that each of these three M-continuous maps has a fixed point. At the moment we need to point out that the self-map of (I, γ I ) such that f(x 0 ) = x 1 , f(x 1 ) = x 0 is not an M-continuous map.
(Case 2) Let us consider the M-topological space (X, γ X ) with X := {x 0 := (0, 0), x 1 := (1, 0), x 2 := (0, 1)} in Figure 4 . Then we see that the space X has the FPP in MTC. To be specific, we see that there are only seven M-continuous maps among nine self-maps of (X, γ X ). Then it is obvious that each of these seven M-continuous maps has a fixed point. Indeed, among the nine self-maps of (X, γ X ), only these two self-mappings x 0 → x 1 → x 2 → x 0 and x 0 → x 2 → x 1 → x 0 cannot be M-continuous self-maps of (X, γ X ). Then it is obvious that h is an M-continuous map which does not have any fixed point.
In view of these three cases above, the proof is completed. Let us now study some properties of M-topological spaces from the viewpoint of fixed point theory. In MTC, we say that an M-homeomorphic invariant is a property of an M-topological space which is invariable under M-homeomorphism. Then, by using the method similar to Proposition 5.4 and motivated by [3] , we obtain the following: , where f is an M-continuous self-map of (X, γ X ). Owing to the hypothesis, assume that x ∈ X is a fixed point for an M-continuous self-map f of (X, γ X ). Since h is an M-homeomorphism, there is a point y ∈ Y such that h(x) = y. Let us consider the mapping
Thus, owing to the property of (6.1), we see h(f(x)) = g(y) and further, owing to the hypothesis of the FPP of (X, γ X ) and the M-homeomorphism between (X, γ X ) and (Y, γ Y ), h(f(x)) = h(x) = y = g(y), which implies that the point h(x) is a fixed point of the map g, which implies that (Y, γ Y ) has the FPP.
Concluding Remarks
Motivated by the study of the FPP and the AFPP in DTC in [27] and the FPP for Khalimsky topological spaces [15] , we have studied the FPP and the AFPP from the viewpoint of MAC or MTC. It turns out that these properties are quite different from those of DTC. As a further work, we can study fixed point theory for another digital spaces.
